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RADICALS OF WEIGHT ONE BLOCKS OF ARIKI-KOIKE
ALGEBRAS
YANBO LI AND DASHU XU
Abstract. Let K be a field and q ∈ K, q 6= 0, 1. Let Hn(q, Q) be an Ariki-
Koike algebra, where the cyclotomic parameter Q = (Q1, Q2, · · · , Qr) ∈ Kr
with r ≥ 2, Qi = q
ai , ai ∈ Z. For a weight one block B of Hn(q, Q), we prove
in this paper that radB = I, where I is the nilpotent ideal constructed for a
symmetric cellular algebra in [Radicals of symmetric cellular algebras, Colloq.
Math. 133 (2013) 67-83].
1. Introduction
Ariki-Koike algebras are cyclotomic Hecke algebras of type G(r, 1, n). They were
introduced by Ariki and Koike in [1], and independently by Broue´ and Malle in [4],
which include usual Hecke algebras of type An−1 and Bn. The cyclotomic Hecke
algebras are central to the conjectures of Broue´, Malle and Michel [3]. In [8],
Graham and Lehrer introduced cellular algebras and proved that the Ariki-Koike
algebras are cellular. We refer the reader to [8, 19, 20] for more examples of cellular
algebras. Furthermore, Malle and Mathas [18] proved that the Ariki-Koike algebras
over any ring containing inverses of the parameters are symmetric.
In [10], Li studied the radicals of symmetric cellular algebras by constructing a
nilpotent ideal I. Along this way, Li [11] studied the radical of the group algebra
of a symmetric group and proved that for A = ZpSn with p a prime and Sn a
symmetric group, if n < 2p, then radA = I. In fact, the condition n < 2p implies
that the weight of all blocks of A is less than two. This leads us to studying the
radicals of blocks of small weights of symmetric cellular algebras. Our target this
time is the weight one blocks of symmetric Ariki-Koike algebras. This aim becomes
possible depending on the work of Hu and Mathas [9]. They gave a graded cellular
basis for the symmetric Ariki-Koike algebra Hn(q,Q), which is compatible with the
block decomposition. They also proved that each block of Hn(q,Q) is a symmetric
cellular algebra. The main result of this paper is that for a weight one block B of
Hn(q,Q), we have radB = I, where I is a nilpotent ideal constructed in [10].
2. Symmetric cellular algebras and Ariki-Koike algebras
Let K be a field. Denote by K∗ the nonzero elements of K. Recall that a
finite dimensional K-algebra A is called symmetric if there is a non-degenerate
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associative symmetric bilinear form f on A. Define a K-linear map τ : A→ K by
τ(a) = f(a, 1). We call τ a symmetrizing trace.
2.1. Symmetric cellular algebras. We refer the reader to [8] for the definitions
of cellular algebras and cell modules. Let A be a cellular K-algebra with a cellular
basis {CλS,T | λ ∈ Λ, S, T ∈M(λ)}. It is easy to check that
CλS,TC
λ
U,V ≡ Φ(T, U)C
λ
S,V (mod A(< λ)),
where Φ(T, U) ∈ K depends only on T and U . Define
Λ0 = {λ ∈ Λ | there exist S, T ∈M(λ) such that Φ(S, T ) 6= 0}.
For a cell module W (λ), define a bilinear form Φλ : W (λ) × W (λ) → K by
Φλ(CS , CT ) = Φ(S, T ). The radical of the bilinear form is defined to be
radλ := {x ∈ W (λ) | Φλ(x, y) = 0 for all y ∈W (λ)}.
Define Lλ to be W (λ)/ radλ. If λ ∈ Λ0, then radλ = radW (λ). Furthermore, fix
an order onM(λ) and define the Gram matrix G(λ) to be (Φ(T, U))T,U∈M(λ). Then
dimLλ = rankG(λ). In particular, {L(λ) | λ ∈ Λ0} is a complete set of simple
A-modules up to isomorphism. The composition multiplicity of L(µ) in W (λ) will
be denoted by [W (λ) : L(µ)].
Now let A be a finite dimensional symmetric cellular K-algebra and τ a sym-
metrizing trace. Denote the dual basis by D = {DλS,T | λ ∈ Λ, S, T ∈M(λ)}, which
satisfies τ(CλS,TD
µ
U,V ) = δλµδSV δTU . Then Li proved in [10] that for arbitrary ele-
ments S, T, U, V ∈M(λ),
DλS,TD
λ
U,V ≡ Ψ(T, U)D
λ
S,V (mod A(> λ)),
where Ψ(T, U) ∈ R depends only on T and U . Consequently, we also have Gram
matrices G′(λ) defined by the dual basis. Furthermore, for any λ ∈ Λ, define
kλ =
∑
X∈M(λ)
Φ(X,V )Ψ(X,V ),
where V ∈ M(λ). Then Li proved in [10] that G(λ)G′(λ) = kλE, where E is
the identity matrix. Moreover, For arbitrary λ ∈ Λ and S ∈ M(λ), we have
(CλS,SD
λ
S,S)
2 = kλC
λ
S,SD
λ
S,S. If τ(a) = τ(a
∗) for all a ∈ A, then the dual basis is
cellular too. The corresponding cell modules will be denoted by WD(λ).
Let A be a finite dimensional symmetric cellular algebra. Li defined some subsets
of Λ in [10] as follows.
Λ1 = {λ ∈ Λ | radλ = 0}, Λ2 = Λ0 − Λ1,
Λ3 = Λ− Λ0, Λ4 = {λ ∈ Λ1 | kλ = 0}.
Then the following lemma is clear and we omit the proof here.
Lemma 2.1. Let A be a finite dimensional symmetric cellular algebra with a cel-
lular basis {CλS,T | λ ∈ Λ, S, T ∈ M(λ)}. Let B be a block of A, which is also a
symmetric cellular algebra with a basis {CµU,V | µ ∈ Λ
B, U, V ∈ M(µ)}, where ΛB
is some subset of Λ. Then ΛBi = Λi
⋂
ΛB for i = 0, 1, 2, 3, 4.
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2.2. Ariki-Koike algebras. Let 1 6= q ∈ K∗. Define the quantum characteristic
of q to be the integer e which is minimal such that 1 + q + · · · + qe−1 = 0. If no
such e exists, we set e = 0. Suppose that Q = (Q1, Q2, · · · , Qr) ∈ K
r with r ≥ 2,
Qi = q
ai , ai ∈ Z. The Ariki-Koike algebra Hn(q,Q) with parameters q and Q is
the unital associative K-algebra with generators T0, T1, · · · , Tn−1 subject to the
following relations:
(H1) (T0 −Q1)(T0 −Q2) · · · (T0 −Qr) = 0;
(H2) T0T1T0T1 = T1T0T1T0;
(H3) (Ti + 1)(Ti − q) = 0 for 1 ≤ i ≤ n− 1;
(H4) TiTi+1Ti = Ti+1TiTi+1 for 1 ≤ i ≤ n− 2;
(H5) TiTj = TjTi for 0 ≤ i < j − 1 ≤ n− 2.
In order to describe the cellular structure of Hn(q,Q), Let us first recall some
combinatorics. Let n be a positive integer. A partition λ of n is a non-increasing
sequence of non-negative integers λ = (λ1, · · · , λs) such that
∑s
i=1 λi = n and we
write |λ| = n. The diagram of a partition λ is the set of nodes [λ] = {(i, j) | 1 ≤
i, 1 ≤ j ≤ λi}. An r-partition of n is an r-tuple λ = (λ
(1), · · · , λ(r)) of partitions
such that
∑r
i=1 |λ
(i)| = n. The partitions λ(1), · · · , λ(r) are the components of λ.
Denote the set of multipartitions of n by PΛn . Then for λ, µ ∈ P
Λ
n , we say λ☎µ if
s−1∑
t=1
|λ(t)|+
j∑
i=1
λ
(s)
i ≥
s−1∑
t=1
|µ(t)|+
j∑
i=1
µ
(s)
i
for all 1 ≤ s ≤ r and all j ≥ 1. Write λ✄µ if λ☎µ and λ 6= µ. The Young diagram
of an r-partition λ is the set of nodes [λ] = {(i, j, k)|1 ≤ i, 1 ≤ j ≤ λ
(k)
i , 1 ≤ k ≤ r}.
A λ-tableau is a bijective map t : [λ] → n. A λ-tableau t is called standard if the
entries increase along each row and down each column in each component.
The first cellular basis of Hn(q,Q) was given by Graham and Lehrer in [8] using
Kazhdan-Lusztig basis ofH(Sn), the Hecke algebra of Sn. In [5], Dipper, James and
Mathas constructed another cellular basis (DJM basis), which is similar to the basis
of H(Sn) introduced by Murphy [17]. Then one has cell (Specht) modules W (λ),
where λ are multipartitions. Moreover, Ariki [2] proved that if λ is a Kleshchev
multipartition, then L(λ), the top of W (λ) is simple, and {L(λ) | λ Kleshchev}
provide a complete set of simple Hn(q,Q)-modules up to isomorphism.
Note that the cellularity of H ensures that every cell (Specht) module lies in one
block and we abuse notation to say that a multipartition λ lies in a block B ifW (λ)
lies in B.
In [9], Hu and Mathas introduced graded cellular algebras and proved the fol-
lowing results.
Lemma 2.2. [9, Theorem 5.8, Corollary 5.12, Corollary 6.18] Let Hn(q,Q) be a
cyclotomic Hecke algebra of type G(r, 1, n). Then
(1) The algebra Hn(q,Q) is a graded cellular algebra with poset (P
Λ
n ,☎) and
graded cellular basis {ψλ
s,t | λ ∈ P
Λ
n , s, t ∈ Std(λ)} (HM basis).
(2) Let Hβ be a block of Hn(q,Q). Then there exists P
Λβ
n ⊆ PΛn such that
{ψλ
s,t | λ ∈ P
Λβ
n , s, t ∈ Std(λ)} is a graded cellular basis of Hβ. In particu-
lar, Hβ is a graded symmetric cellular algebra with homogeneous trace form
τβ of degree −2defβ.
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Remark 2.3. For λ ∈ PΛn , denote the graded cell (Specht) module by S
λ. Hu
and Mathas [9] pointed out that the ungraded module Sλ coincides with the cell
module determined by the DJM basis.
3. Radicals of weight one blocks
Let us deal with some combinatorics first. Let λ be a partition of n. The
conjugate of λ is defined to be a partition λ′ = (λ′1, λ
′
2, · · · ), where λ
′
j is equal
to the number of nodes in column j of [λ] for j = 1, 2, · · · . The conjugate of a
multipartition λ is defined to be λ = (λ(r)
′
, · · · , λ(1)
′
). In [14], Lin and Rui proved
the following lemma.
Lemma 3.1. [14, Lemma 2.4] Let λ and µ be two r-partitions of n. Then λ✂ µ if
and only if µ′ ✂ λ′.
Let λ be an r-partition and letQ be the cyclotomic parameters. For (i, j, k) ∈ [λ],
define the residue of the node (i, j, k) to be res (i, j, k) = qj−iQk and define cf (λ)
to be the number of nodes in [λ] of residue f . Then Fayers [6] gave the following
definition of the weight of an r-partition.
Definition 3.2. [6, (2.1)] Let λ be an r-partition of n. The weight of λ is defined
to be the integer
w(λ) = (
r∑
i=1
cQi(λ))−
1
2
∑
f∈K∗
(cf (λ)− cqf (λ))
2.
Remark 3.3. Note that two multipartitions λ and µ lie in the same block if and
only if cf (λ) = cf (µ) for all f ∈ K [8, 15]. Then Definition 3.2 implies that if λ and
µ lie in the same block, then w(λ) = w(µ). So the weight of a block B is defined to
be the weight of any multipartition in B. Moreover, if λ lies in a block Hβ , then
w(λ) = defβ (see [9] for details).
It is helpful to point out that in general w(λ) 6= w(λ′). Let us give an example
here.
Example 3.4. Let n = 12, r = 3 and e = 6. Assume that Q1 = 1, Q2 = q
and Q3 = q
3. Take a multipartition λ = ((3, 1), (2, 1), (3, 2)). Then by direct
computations w(λ) = 4 and w(λ′) = 3.
Recall that a partition λ is called an e-core if none e-rim hook of [λ] can be
unwrapped. A multipartition λ is called an e-multicore if each component of λ is
an e-core. We next prove that if λ is a multicore, the equality w(λ) = w(λ′) holds.
Firstly, we prove a lemma as follows.
Lemma 3.5. Let λ be a bipartition. Then w(λ) = w(λ′).
Proof. Let λ = (λ(1), λ(2)) be a bipartition. Then λ′ = (λ(2)
′
, λ(1)
′
). Let Q1 = q
a1 ,
Q2 = q
a2 . Define a bijection Θ : [λ] −→ [λ′] by Θ(i, j, k) = (j, i, 3 − k). It is easy
to check that res(i, j, k) res(j, i, 3 − k) = Q1Q2. This implies that for s = 1, 2 if
(i, j, k) is a node of residue Qs in λ, then Θ(i, j, k) is a node of residue Q(3−s) in
λ′. Consequently,
2∑
s=1
cQs(λ) =
2∑
s=1
cQs(λ
′).
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On the other hand, for arbitrary 0 6= f ∈ K, using the bijection Θ again, we
have
cf (λ) = cqa1+a2f−1(λ
′)
and
cqf (λ) = cqa1+a2−1f−1(λ
′).
Define a map η on K∗ by η(f) = qa1+a2−1f−1. Clearly, η is a bijection and
|cf (λ)− cqf (λ)| = |cη(f)(λ
′)− cqη(f)(λ
′)|.
This gives that∑
f∈K∗
(cf (λ)− cqf (λ))
2 =
∑
η(f)∈K∗
(cη(f)(λ
′)− cqη(f)(λ
′))2
=
∑
f∈K∗
(cf (λ
′)− cqf (λ
′))2
and then the lemma follows from Definition 3.2. 
Remark 3.6. As far as we know, the bijection Θ is first used by Fayers in [7].
Lemma 3.7. Let λ be an e-multicore. Then w(λ) = w(λ′).
Proof. Note that the conjugate of an e-core is still an e-core. Hence λ′ is an e-
multicore too. Then
w(λ′) = w(λ(r)
′
, · · · , λ(1)
′
)
=
∑
1≤l<k≤r
w(λ(k)
′
, λ(l)
′
) ([6, Proposition 3.5])
=
∑
1≤l<k≤r
w(λ(l), λ(k)) (Lemma 3.5)
= w(λ).
We complete the proof. 
Corollary 3.8. Let λ be a weight one multipartition. Then w(λ′) = w(λ) = 1.
Proof. Since w(λ) = 1, it follows from [6, Corollary 3.4] that λ is a multicore. Hence
w(λ′) = w(λ) = 1 by Lemma 3.7. 
Before we study the radical of weight one blocks of Hn(q,Q), let us recall a
general result on radicals of symmetric cellular algebras given by Li in [11].
Lemma 3.9. [11, Lemma 3.1] Let A be a symmetric cellular algebra. Suppose that
(1)
∑
λ∈Λ3
n2λ =
∑
λ∈Λ4
n2λ;
(2)
∑
λ∈Λ2
(dimK radλ)
2 =
∑
λ∈Λ2
(dimK Lλ)
2.
Then radA = I.
From now on, we investigate the Ariki-Koike algebra Hn(q,Q) using the graded
cellular basis ψλ
st
. According to Remark 2.3, the results obtained in [6] on Specht
modules still hold for Sλ. For convenience, we denote the cell modules by W (λ).
Fayers [6] studied decomposition numbers of weight one blocks of Hn(q,Q). His
result is a useful tool for characterizing the subset Λ2.
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Lemma 3.10. [6, Theorm 4.12] Suppose that B is a block of Hn(q,Q) of weight
one. Then the multipartitions in B are λ1 ⊳ · · · ⊳ λs for some s 6 e. All these
multipartitions are Kleshchev except λs, and the decomposition number
[W (λi) : L(λj)] =
{
1, if i = j or i = j + 1;
0, otherwise.
Lemma 3.11. Suppose B is a block of Hn(q,Q) of weight 1 and the multipartitions
in B are λ1 ⊳ · · · ⊳ λs. Then:
(1) λs ∈ Λ
B
3 and W (λs) is simple;
(2) λ1 ∈ Λ
B
4 ;
(3) λ2, · · · , λs−1 ∈ Λ
B
2 .
Proof. (1)We have from Lemma 3.10 that λs is not Kleshchev and thus λs ∈
ΛB3 . Now let us prove W (λs) is simple. Note that the dual basis of HM basis
is also cellular with respect to the opposite order on PΛn . Then by [16, Lemma
2.15], WD(λs) is simple. It follows from [12, Proposition 3.3] that WD(λs) ∼=
HomK(W (λs),K) and consequently, W (λs) is simple.
(2) Since λ1 is minimal, in view of [16, Lemma 2.15], λ1 ∈ Λ
B
1 . Moreover, since
B is of weight one, it follows from Lemma 2.2 that B is a graded symmetric cellular
algebra with homogeneous trace form of degree −2. We have from [13, Theorem
3.4] that W (λ1) is not projective. Then one deduce by [12, Theorem 4.4] that
kλ1 = 0. Thus λ1 ∈ Λ
B
4 .
(3) This is a corollary of Lemma 3.10. 
Let B =
⊕
w(B)=1
B. Then according to Lemma 2.2, B is a graded symmetric
cellular algebra with a cellular basis {ψλ
st
| λ ∈ PΛBn , s, t ∈ Std(λ)}, where P
ΛB
n ⊆
PΛn . We check the conditions (1) and (2) of Lemma 3.9 for B. Let us divide the
process into two lemmas.
Lemma 3.12. Keep notations as above. Then
∑
λ∈ΛB
3
n2λ =
∑
λ∈ΛB
4
n2λ.
Proof. Let λ be an arbitrary weight one r-partition in block B. Since w(λ) = 1,
by Corollary 3.8, w(λ′) = 1. Therefore, λ′ is in a weight one block, which will
be denoted by B′. By Lemma 3.10, we assume that the r-partitions in B are
λ1 ⊳ · · · ⊳ λs. And Lemma 3.11 gives that λ1 ∈ Λ
B
4 and λs ∈ Λ
B
3 . On the
other hand, we have from Lemmas 3.1 and 3.10 that the r-partitions in B′ are
λ′s ⊳ · · · ⊳ λ
′
1. According to Lemma 3.11, λ
′
s ∈ Λ
B′
4 and λ
′
1 ∈ Λ
B′
3 . Then Lemma
2.1 shows that λ1 ∈ Λ
B
4 , λs ∈ Λ
B
3 , λ
′
s ∈ Λ
B
4 and λ
′
1 ∈ Λ
B
3 . Note that nλ = nλ′ .
Letting λ run over all of the weight one r-partitions, the lemma follows. 
The proof of the next lemma is similar to that of [11, Theorem 3.5]. For the
convenience of readers, we write it out here.
Lemma 3.13.
∑
λ∈Λ2
(dimK radλ)
2 =
∑
λ∈Λ2
(dimK Lλ)
2.
Proof. For a multipartition λ of weight one, we first fix some notations. Denote
dimK radλ by rλ and denote dimK Lλ by lλ. Let B be a weight one block and let
λ1 ⊳ · · · ⊳ λs be all of the multipartitions in B. Then Lemma 3.10 and Lemma
3.11 give that rλi = lλi−1 for 3 ≤ i ≤ s − 1; and rλ′i = lλ′i+1 for 2 ≤ i ≤ s − 2.
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Moreover, employing Lemma 3.10 and Lemma 3.11 again yields rλ2 = nλ1 , rλ′s−1 =
nλ′s , nλ′1 = lλ′2 and nλs = lλs−1 . Note that nλ = nλ′ and thus rλ2 = lλ′2 and
rλ′
s−1
= lλs−1 . Therefore,
s−1∑
i=2
(r2λi + r
2
λ′
i
) =
s−1∑
i=2
(l2λi + l
2
λ′
i
). Letting λ run over all the
multipartitions of weight one, the lemma follows. 
Combining Lemma 3.12 with Lemma 3.13, we get that radB = IB, where IB is
the nilpotent ideal constructed by using the graded cellular basis. It is well known
that the radical of an algebra is equal to the direct sum of the radicals of blocks of
the algebra. Then we have proven the main result of this paper.
Theorem 3.14. Let B be a weight one block. Then radB = IB .
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